IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Thermodynamic Bethe ansatz for planar AAS/CFT: a proposal

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2009 J. Phys. A: Math. Theor. 42 375401
(http://iopscience.iop.org/1751-8121/42/37/375401)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.155
The article was downloaded on 03/06/2010 at 08:08

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/42/37
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 42 (2009) 375401 (20pp) doi:10.1088/1751-8113/42/37/375401

Thermodynamic Bethe ansatz for planar AdS/CFT:
a proposal

Diego Bombardelli', Davide Fioravanti' and Roberto Tateo’

1 INFN-Bologna and Dipartimento di Fisica, Universita di Bologna, Via Irnerio 46, Bologna, Italy
2 Dip. di Fisica Teorica and INFN, Universita di Torino, Via P. Giuria 1, 10125 Torino, Italy

E-mail: bombardelli @bo.infn.it, fioravanti @bo.infn.it and tateo @to.infn.it

Received 6 May 2009, in final form 23 July 2009
Published 25 August 2009
Online at stacks.iop.org/JPhysA/42/375401

Abstract

Moving from the mirror theory Bethe—Yang equations proposed by Arutyunov
and Frolov, we derive the thermodynamic Bethe ansatz equations which should
control the spectrum of the planar AdSs/CFT, correspondence. The associated
set of universal functional relations (Y-system) satisfied by the exponentials
of the TBA pseudoenergies is deduced, confirming the structure inferred by
Gromov, Kazakov and Vieira.

PACS numbers: 05.50.+q, 02.30.1k

1. A bird’s-eye view between integrability and AdS/CFT

A very peculiar phenomenon in modern theoretical physics has been taking place at the
encounter of two branches: on one side the subject of quantum/statistical two-dimensional
integrability [1] and on the other the gauge/string correspondences [2] in their planar case.
Actually, the entrance of integrability into the realm of reggeised gluons of infinite colour
QCD in its leading logarithmic approximation was already observed by Lipatov in [3].

More specifically, the AdS/CFT conjecture relates, by a strong/weak coupling duality,
a type IIB superstring theory on the curved spacetime AdSs x S° and the conformal N = 4
super-Yang—Mills (SYM) theory in four dimensions on the boundary of AdSs [2]. As a
consequence and particular case, the energy of a specific string state ought to be equal to the
anomalous dimension of the corresponding local gauge invariant operator in the quantum field
theory. Yet, the mechanism of integrability in this triadic relation is not fully understood. For
sure, the discovery of integrability in the classical string theory was a great achievement [4],
both from the conceptual and the practical (i.e. calculative) points of view.

On the SYM theory side of the correspondence, the large colour number limit N — oo
is taken keeping the ’t Hooft coupling Ng2,, = A = 472g? finite, with g proportional to free
string tension. In this limit only the planar Feynman diagrams and single trace composite
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operators survive. Besides the pioneering interpretation of [5] in terms of an s/(2) spin chain
(in the QCD case), the constituent operators in the purely scalar sector at one loop have
been unveiled to correspond to the degrees of freedom of an integrable so(6) spin chain, thus
making the mixing matrix (or dilatation operator) to coincide with this integrable so(6) spin
Hamiltonian [6]. Being integrable, the spectrum of this Hamiltonian comes out by means of
the Bethe ansatz (BA) (in one of its various forms) [1] and described by the so-called Bethe
ansatz equations for the ‘rapidities’ which parametrize the operators in the trace. Albeit a
description of the dilatation operator at all loops as a spin chain Hamiltonian is still missing,
the integrability has been showing up in the form of spin-chain-like Bethe equations (for
g dependent rapidities still parametrizing the operators in the trace, likewise to the one-
loop case), which are valid at least in the asymprotic regime of large quantum numbers (cf
below). Eventually, a set of equations for the whole theory has been proposed by Beisert
and Staudacher [7]. Computationally, the BA energy, E(g), yields the anomalous part of the
conformal dimension:

A = Avae + 8 E(g), (1.1)

where Ay 1s the bare or classical dimension. As said before, this quantity must also be given
by the quantum energy of a suitable string state (Euing = A). By a semiclassical procedure
on the string sigma model, this fact has opened a road to fix a phase factor, the so-called
dressing factor, entering the Bethe equations and the S-matrix [8§—11]. Of course, A, Apge
and E(g) may depend also on other quantum numbers, such as the spin chain length L, which
also plays the role of a string angular momentum, other angular momenta, the Lorentz spin
s, etc. Yet, the Beisert—Staudacher equations enjoy a validity seriously restricted by their
scattering matrix origin, namely the length L and other quantum numbers need to be large.
More precisely, starting from a certain loop order these equations are plagued by the so-called
wrapping problem [12, 13]. Nevertheless, as scattering S-matrix equations [14], they are
indeed correct and they can be interpreted as Bethe—Yang quantization conditions [15,16].

In quantum integrable 2D relativistic massive field theories, the problem of deriving off-
shell quantities from on-shell information has been already addressed in many cases. For the
purpose of this paper the derivation by Al B Zamolodchikov of the finite-size ground-state
energy from the S-matrix [26] is relevant. Let us define the theory on a torus spacetime
geometry. The space direction is finite with circumference L, time is periodic with period
R — oo. Zamolodchikov’s fascinating idea is to exchange space and time by defining a
mirror theory in the infinite space R. In this mirror theory the space interval is infinite and the
asymptotic Bethe—Yang equations hold true, but time is compact with size L. Now, we may
interpret L = 1/T as the inverse temperature and use the Yang—Yang thermodynamic Bethe
ansatz (TBA) procedure [23] to find the minimum free energy or equivalently the ground-
state energy for the (original) direct theory on a space circumference with size L. In the
following, we will extend this procedure to the non-relativistic case relevant for the AdS/CFT
correspondence.

We have been convinced that this strategy may be successful also in a complicated non-
relativistic theory such as the AdS/CFT correspondence by the recent striking confirmation
due to a sort of ancestor of the TBA for relativistic quantum field theory. In fact, Liischer
developed a method to compute, from scattering data, the finite-size corrections to the mass
gap [17]. Later on, this method was specifically applied to integrable quantum field theories
[18] and revealed itself as the leading term in the TBA large size expansion [29, 30]. Recently,
a sophisticated extension of these ideas to the AdS/CFT correspondence has given striking
results for the Konishi operator at four loops [19] and an impressive confirmation of the
perturbative computations of [20].
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In this paper, we will start from the equations recently formulated by Arutyunov and Frolov
in [21] for the mirror theory of the AdSs x S° superstring theory. These equations are derived
by implementing the classification of all the particles and bound states in the Bethe—Yang
equations derived in [22]. The classification is obtained with the formulation of the so-called
string hypothesis of the Hubbard model (cf [24]): the map of the direct theory equations [15]
into those of Hubbard’s was already observed by Beisert [16]. Initially, we will modify the
equations—in analogy with those of the Hubbard model [24]—so that we can take into account
the information on the so-called k — A strings. In this way, we produce a complete set of
string equations for implementing the thermodynamic Bethe ansatz method and derive a set of
TBA equations for the single particle dressed energies (the pseudoenergies). As a conclusion,
the pseudoenergies determine the (free) energy via a nonlinear integral functional. We shall
make explicit the similarity between our TBA equations and those for the Hubbard model and
then derive a universal system of functional relations (the Y-system) for the exponential of the
pseudoenergies. The universality of a Y-system consists in the fact that, at least for relativistic
theories, it is the same for the excited states as well. Yet, there is by now a consolidated way
towards excited states in relativistic massive field theories [29-31]. A very brief description
of this procedure for the present case will be sketched in the final section, with the aim to
gain a better control of the energy/dimension spectrum of the AdSs/CFT4 correspondence for
any value of the coupling constant g and even for short operators. Apparently, the Y-system
structure matches that recently proposed by Gromov, Kazakov and Vieira [37].

2. The equations for the root densities

As anticipated before, we need to pass from the AdSs x S° theory defined on a circumference
of length L to its mirror, and this has been extensively investigated by Arutyunov and Frolov
since the paper [22]. In particular, they derive from the S-matrix the Bethe—Yang equations
for the fundamental particles of the mirror theory:

K! (a) +

iPk | | | | al y

epl‘R = (SO(pka pl)) : Z(a)
[1 X =y V

=1 a=11=1
I#k

K! (ot) (o() (@) (Of)
= v —w, g
=T e
() (@) _ vt i’
i 7 PRl IR - g
KL (@ (a) i K& (@) @ L
(@) 1 ()
=T SIS
w(a) _ v(a) w(oz) (0!) 2i°
1=1 Wi i g =1 Wy W ]

I#k

where

1
- +1 — ==
e — X XX,

(So(Br, P)° = o (X, X1) 2.2)

xF—x 1- - lx+
k

is the a = 0 light-cone gauge scalar factor of the mirror S-matrix, with o (xx, x;) the dressing

factor in the mirror theory [22], and only here for the single particle case xki = x(uk + i)

(cf appendix A for the definition of the function x (#)). Thanks to a so-far formal resemblance

of the last two BA equations (BAEs) with those of a inhomogeneous Hubbard model, they

can formulate a string hypothesis for the solutions, in strict analogy with the Takahashi’s
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one [24]. In few words, we assume that the thermodynamically relevant solutions® of (2.1)
in the limit of large R, K', K, K/ rearrange themselves into complexes—the so-called
strings—with real centres and all the other complex roots symmetrically distributed around
these centres along the imaginary direction. Paying attention to the presence of two coupled

Hubbard models for @ = 1, 2, the strings may be classified as follows:

(1) Ng Q-particles (bound states) with real momenta f)kQ and real rapidities qu:

. L ;
u,?’] =qu+(Q+1—2])§, J=1...,0; (2:3)

(2) N{®y@-particles with real momenta a;

3) N,(m)vvw-strmgs with real centres v, 2M roots of type v and M of type w:

v,?f_v,ffi(M+2—2j)§, i=1,....M: (2.4)
A i
wy =v,§4+(M+1—2j)§, j=1,....M; (2.5)

@) Nj(\f“:ﬂw-strings with real centres w}z{v and N roots of type w:

w;iv’jzwllcv"'(N"'l_zj)é’ j=1,...,N. (2.6)

If the variables u, vy and wy in (2.1) are replaced by qu’j, v,iw k J and wk /_ and the
products on the internal string index j are made, then the equations for the real centres of the
various kinds of the above strings (2.3)—(2.6) can be recast into the following form [21]:

(o)
oo Ny 2 Nm 0o Nitiw

o
X
_ oIPPR e T [ Xk QM (@)
I =e 1_[ 1—[ 1(2>(xk’xl)l_“_[ (a) o l_[ H SEM (xe v, ) (2.7
Q'=1 I=! a=1I=1 e m=1 1=1
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oo Ng y(a) Nm;w U(oc) (a)— 00 N‘u (a)_w(a)_
— k I,N
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K (@) I(M () (a) KN (o) (@)
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0=1I=1 M=1 [=I N=1 I=1
Ny Wl — @ @ Ny
K _ KN w® (@)
=D = 1_[ (o:)+ (a) 1_[ 1_[ Sww Wy k> wl,N)’ (2.10)
=1 Wk — N=1 =1

where, for the sake of shortness, notation changes from now on in that all the particle x-variables
have to be read

xkizkui:x<quii§), (2.11)

3 There is no definitive proof of the string hypothesis, though it seems to always give the correct thermodynamic
limit. There might well be other kinds of solutions (which should not affect the thermodynamics).
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and the definitions of the particle (i.e. subscripts k and [) variables x(u), v, vlf and wli(
(suppressing the index «) are listed in appendix A. The S-matrices are defined as follows:

0 0 . . Lo
ﬁ%(ack,xz) _ 1—“—[ <x(uk +1(Q +2-2j)/g) —x(u +1(Q Zh)/g))

1 Gk v i@ =2079) = xtur + (@7 +2 = 20)/g)

1— . . [

X (up+i(Q—2j)/8)x (u+i(Q'+2—2h)/g) -2
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! g k=1
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where S(%Q (xk, x;) is obtained from (So(ﬁk, ﬁ,))2 by the fusion procedure [45, 46], with
the upper index (length) of the string centre (Q in (2.3)) suppressed. Now, a simple crucial
observation enters the stage: the last term on the rhs of (2.9) fails the resemblance with the
usual Hubbard BAEs implemented by string hypothesis [24, 25]. In fact, we need one more
step: we can easily see that the equation for the vw strings—corresponding to the Hubbard
k — A strings—do not have on the rhs a term of interaction between the w and vw strings; in
contrast, there is a scattering term between a vw string and a single v® (which do not belong
to any string, but its own). Therefore, we may derive an intermediate equation

Ny w® — @ _ (o)~ (@ _ - _

le

i oo (Ot) i
7 —wy ty wk —WN T
I g 214
(o) (@) i (Dt) (e)+ (o) (e)+ i’
=1 We TV Tty Nmpm W _wlN+ W =W Ny — g
and choose w ka belonging to a vw-string. With this little trick*, we obtain
0 Nip Ny (a)+ (a)
(Ot) at K
1_[ 1_[ va Ve Wiy) = (D l_[ (a), (a)’ (2.15)
N=1 I=1 I=1 Y
and finally we can rewrite (2.9) in a form re-echoing the Hubbard one:
o0 NQ o0 NI(\/‘I!\)vu o0 N,m)
K (a) KM () (o) (a)
[TTT58 i) = [T TT S8l TTTTsE6 ). cao
0=11=1 M=1 I=1 N=1I=1
In (2.16) we have introduced a new scattering matrix
(a)+ () (@) ( )
K( @ () vkaK - vkaK “ +iK/g
Sk v”) = (2.17)
U(a)— _ U(a) v(a) (01) lK/g
k. K I k. K

At this point, we can follow the standard TBA procedure [23-26], which goes in a very
sketchy way as follows. After taking the logarithm of these equations, we shall consider the

4 After the first version of this paper appeared on the arXiv, this trick was implemented in a revised version of [21].
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thermodynamic limit (K ', N, N\, N, R — 00) while keeping the densities finite (sums
of root and hole densities, respectively)

12 _j9
po(P) = p(P) + py(P) = Jlim —L5—, (2.18)
k= R(Pyt — Pr)
@ M 2.19
Py @) = (@) + Py (q) = o @ (2.19)
- R(qk+1 — 4k )
JE =T
Pl k() = ok (1) + p))% () = —"2) NIY (2.20)
R()‘k+1 )‘k )
VI
Pl kW) = oyl W)+ pyx () = o 221)

= ROG A
where the Is and the Js are the integer and half-integer quantum numbers, respectively.

Eventually, we can produce for the thermodynamic state the following integral equations
constraining the densities:

po(P) = % + Qi;l (638 * Py ) (P) + é [(4:3 * p)%) + g Y } (p), (222)

Py (q) = i by * Pp) (@) + i (@ * Pyiar) (@) + Z v ¥ Oy ) (@), (2.23)
i =t

P4k (A) = i; Mo o) ) + (982 % 0p) ) + (08 * p1%) (), (2.24)

PY k() = i (B al 5 oLy ) ) + (i, % 012 ) (), (2.25)
=t

where the symbol * denotes the usual convolution (on the second variable) (¢ * g)(z) =
[ dz'¢(z, 2')g(2') and the kernels are defined in appendix A°.

3. The thermodynamic Bethe ansatz equations

We continue our very sketchy presentation of the derivation of the TBA equations. For
this purpose, we express the entropy in terms of the hole and root densities® (p” and p’,
respectively)

s=> [ dp ([pp(B) + pp(P)] In [ (B) + 0 (P)] — £ (P) In ol (P) — pgy(P) In pgy (B))

2 7
+y / dg ([0 (@) + P (@] In [0 (@) + P} ()] — P} (q) In p}* (q) — pi*(q) In p}*(q))
a=1""7"

5 We begin to note that here the kernels ¢ (z, z') do not necessarily depend on the difference (z—172)).
6 Hereafter the integration measure dp has to be interpreted as the Stieltjes measure d P dy, as p depends on (the
parameters) Q and g as well.
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2 o 00
+y f ([255 ) + £1% 0] In [0, (1) + pi% ()]
a=1 M=1

— Py (M) I pl%, () — Py (1) In p}%, ()

2 o
f X0 [ e+ plty ]l 00 + Aty 0]
a=1 N=1
— ph ) In iy () — iy (M) In oy (1)), (3.1
and then minimize the free energy per unit length,

f(T)=H-TS, (3.2)

where H is the mirror energy per unit length [22]:

g o /02 + 2
H= 22/ dp arcsinh (ﬂ) po(P)- 3.3)
0=1"7%

2g

As stated before, then we ought to treat the temperature 7 of the mirror theory as the inverse
of the size L in the AAS/CFT: T = 1/L. The extremum condition §f = 0 under the
constraints (2.22)—(2.25) entails the final set of thermodynamic Bethe ansatz equations for the
pseudoenergies €4 such that
h
1 r
ea=In’A P Ly=In(l+e ), (3.4)
Pa e“+1  py
with the short indication of the collective index A for the different density labels. The
ground-state thermodynamic Bethe ansatz equations are

ey
< ¢ +p) Z vl(2)*LQ (P

€9(p) = 2L arcsinh

0'=1
2 o)
— Y (¢% # LY)(P) — ZZ (@22 % L \,)(P). (3.5)
a=1 a=1 M=1
@ == (08 % Lo)@) — 3 (3L # L) @)

0=1 M=1

do * LY ) (@), (3.6)
N:l

€ (M) = Z (@2F « Lo)(n) — (¢f + L))

0=1

o0
D (Y SN (73} (3.7)

M=1

o _ K o = MK o
€l x(0) = —(¢5, x LYYW = Y (oMK = LY ) ), (3.8)
M=1

withae = 1,2, 0 =1,2,...and K = 1,2,.... Note that, apart from the specific form of

the kernels (see appendix A for their definitions), the TBA equations are similar in form to
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the density equations (2.22)—(2.25), provided we exchange p — —L. However, we should
stress that on our way from (2.22)—(2.25) to (3.5)—(3.8) we have made an abuse of notation
and changed definition for the convolution * moving on to the first variable

(@ *xg)z) = / dZ'¢(Z', 2)g(@). (3.9)

When the kernel ¢ (z, z') can be written only as an (even) function of the difference (z — z’),
as for example in the relativistic theories discussed in [26, 28], this change in the definition of
* can be avoided by keeping the convolution on the second variable. However, in the present
framework some of the kernels have a genuinely different functional dependence on the two
independent variables and this simplification is absent. Moreover, an important comment is
here on the integration limits: they are from —oo to oo for the A- and p-variables but from
—m to ; for the g-variables.

As a concluding result, the minimal free energy for the mirror theory results by inserting
the TBA equations into the general (3.2) and is given by the following nonlinear functional of
the pseudoenergies € (u):

00 00 1= 00 00 -
d . du d

f(T)=—TZf —p1n<1+e*€Q<P>>=—TZ/ Ll 4ee®).  (3.10)

oot J oo 2 5ot/ 27 du

Consequently, the ground-state energy for the AdS/CFT theory on a circumference with length
L = 1/T ought to satisfy the relation

Eo(L) = Lf(1/L). (3.11)

As we have kept the total densities finite, it is natural to introduce chemical potentials (i 4.
This has been already finalized in relativistic theories by [28]. The TBA equations (3.5)—(3.8)
do not change their form, but for this simple replacement

Ly=In(14+e ) = La, =In(l +Xise™ ), (3.12)

involving the fugacities A4 = e*4/T. Here, we would like to conjecture that their introduction
should be related to the zero energy of the ground state (independently of the value of 7)
which is a half BPS protected state. It is a consequence of a result by [33], further developed
in [32] and in [34] that in particular A" = 2 supersymmetric theories this size-invariant state
can be selected via a suitable tuning of the TBA fugacities. A plot describing this interesting
transition, as the fugacities approach these critical values, can be found in [35]. In our case
we expect zero energy as soon as the fugacities reach these values:

ho=1, My=-1 A% ,=DF" A=-1 (@=12K=12,..). (.13

Physically, this modification corresponds to the calculation of the Witten index. In (3.13),
the fermionic and bosonic character of the pseudoparticles is chosen following an analogy
with other scattering-matrix models and considering the evident Z,-symmetry of the TBA
equations. There are, of course, other possibilities. The vanishing of ground-state energy in
TBA models is a very delicate issue and we prefer to postpone this discussion to the near
future and in presence of analytic or numerical evidences.

3.1. A comparison with the Hubbard TBA equations

As the reader can see in appendix A, some kernels in (3.5)—(3.8) actually depend on the
difference of rapidities. Therefore, the convolution involving these kernels is a standard
‘difference’ convolution, i.e. (f % g)(z) = [dz f(z — z/)g(z'). In other words, we may
rewrite equations (3.6)—(3.8) in a form that is closer to the TBA equations of the Hubbard

8
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model, as we might expect from the analogy at the level of Bethe ansatz equations. Of course,
we must leave untouched the terms really depending on the two different variables and think
of them as driving or forcing terms connecting the two Hubbard models. For this reason, we
move them on the lhs of the equations and write

€ (q)+z (@2 * Lg)(q) = Z/ day (. — sin(g)) In (1 +e~%n ™))

0=1
——2:/mlmmﬂk—sm@»hﬂl+aﬁﬂwx (3.14)
M=1Y~>®
el M)+ Y (98K x Lo)() = / dg cos(q)ag (sin(g) — ) In (1 +75@)
0=1
+ (Amk * L% ) (M), (3.15)
M=1

€wx() =— /ﬂ dg cos(q)ak (sin(g) — ) In (1 +e™ @)

+ Y (Aumk % LS ) ), (3.16)

M=1
where

1 K/g

WO or K gy

(3.17)

dyd

(Aug * L)(x) = / L O gl =) L), (3.18)
0 (—x ) + 20 (_x ) +
K — M| K — M[+2
X X .
Our(x) = +29<K+M_2>+9(K+M), if K#M (3.19)
X X X X .
29<§)+29(Z>+”'+29<2M—2)+9(W)’ if K = M,
6 (x) = 2arctan(x). (3.20)

Equations (3.14)—(3.20) should be compared with equations (5.43) and (5.54)—(5.56) in [25]
evaluated at 1 = uR>! = 1/2¢.

In the following sections we shall derive a set of functional identities (Y-system) satisfied
by the quantities Y4 = e (or = e~ “4). Very importantly, a Y-system is universal in the
sense that it is the same for all the energy states E, (L), at least in a relativistic theory [29,
30]. Fugacities as those defined in (3.13) may be removed by a simple redefinition of the Ys.
Therefore, these are discharged in the next sections.
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4. Y-system for the Hubbard model

The TBA equations for the Hubbard model in universal form are written, for example, in [257.
This section is not meant to be particularly original and its aim is to explain how a subset of
the Y-system equations proposed in [37] and in this paper emerges from the Hubbard model.
The TBA equations are as follows:

Inn;(X) =s*In(l +ny)(A) — / dk cos(k)s (A — sin(k)) In (1 + L> ,

— ¢ (k)
Innj(A) = s *In(1 +n5)(A) — / dk cos(k)s (A — sin(k)) In(1 + ¢ (k)),
-7
Inn,(A) = s *In[(1 + n,—1) (1 + ar)1(R), n=23,...,
Inn, () = s« In[(1+n,_)+n,,)IR), n=273..., 4.1)
and
2 1 [ . -
In¢ (k) = —= cos(k) — —/ dis(sin(k) — A)(4Rey/1 — (A —ii)?)
T T J_o
*© . 1+n)
+ dys(sintk) —A)In{ —— ), 4.2)
— 00 1+ ni
where
1
AN)=—— — 4.3
s 4ii cosh(mr A /2ir) (@.3)
is the convolution kernel. s(A) fulfils the following important property:
s(A+in) +s(A — i) = §(A). 4.4)
Relation (4.4) leads to the following set of functional relations:
M (A + 1), (A — i) = (14 1,-1 () (1 + 001 (1)), 4.5)
M, (A +id)n, ( — i) = (1+n,_, (W) (A + 1, (1)), (4.6)
withn = 2,3, .... Forn = 1 we have instead

b4

In[ny (A +ii)n (A — i2)] = In[(1 + n2)(A)] — f dk cos(k)s (A — sin(k)) In <1 + L) ,

¢ (k)
In[} (A +iin)n, (. — ii)] = In[(1 + ny) (A)] — /n dk cos(k)8 (. — sin(k)) In(1 + ¢ (k)).

-
But for fixed 0 < A < 1, the argument of the Dirac é function vanishes twice, i.e. at
k = arcsin(A) and k =  — arcsin(A). This gives

1+1/c0r —k
nm A +i)n (A —iit) = (1 +n2(X)) (%) , 4.7)
o, . , 1+ —k
0O+ i), O — i) = (1+7,(0) (%) (4.8)

Finally considering that cos(k) = —+/1 — sin?(k) for 7/2 < k < 7, we get

CH(w — k)¢ (r — k) = ¢(r — arcsin(A +10))¢ (r — arcsin(A — i0)) = (%) . 49
1

7 See also [36] for the Y-system and the excited states in a closely related model.

10
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bl

a
Figure 1. The Hubbard diagram.

From the relation
¢ —k) = ¢ (kyeteo®r (4.10)

(see equation (5.A.2) in [25]) we also have

e ) . . L <1+n’1(k)>
7 (k)¢ (k) = ¢(arcsin(A +ii))¢ (arcsin(A — i) = [ —————=

L+ni(3)
% e W 1=(sin(+in>+y/1—(sin(k)—ii)?) 4.11)

To see the relationship with the Y-system represented in figure 1 of [37], set z; = 1/n;:

2O +ii)zi(h — i) = (1+1/2200)) 7! <1+—§(k)) (4.12)
! ! - 2 1+¢(mr—k )’ '
Zu(h+ i)z, (A — i) = (1+1/2,1 (W) (L + 1/zus1 W) 7, (4.13)
and
Yo(k) = ¢(k), Yinh) =1/Yn —k) =1/t — k), (4.14)
Yip1 (M) = zp(A), Yorr,1 (W) = n4a(A), 4.15)

witha, b =1, 2,3, ... and construct a TBA diagram using the following rules [38]:

e starting from a given node (a, b) the lhs of the Y-system is always Y,, (A +1iit) Y, (X — ii2);

e a horizontal link between the nodes (a, b) and (@', b) corresponds to a factor (1 + Y, (1))
on the rhs;

e a vertical link between (a, b) and (a, b") corresponds to a factor (1+1/Y, (M)~! on the
rhs.

Itis easy to check that the diagram represented in figure 1 is reproduced with the exception
of the functional relation (4.11) for Y5, (A(k)) = ¢ (k) which would close a ‘standard’ Y-system
diagram only if this extra constraint were true:

n(A(k)) _ e%(\/l —(sin(k)+iit) 2/ 1~ (sin(k) —i)?) ) (4.16)
) (A (k)

11
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This equation certainly holds at 7 = oo and would be compatible with some of the evident
symmetries of the TBA equations but still it would imply a chain of extra constraints (on the
other TBA functions) that we did not try to prove. In fact, we should stress that we have included
the node Y;;, which is related to Y, by (4.14) and (4.10). Therefore, there is no need to show
an extra equation for Y (A(k)) = ¢ (k)® once we already have InY;; (A (k)) = —In¢(m — k)
in the TBA system.

5. Y-system for the AdS/CFT correspondence

Let us start from equation (3.8) and observe that Sk, (u) defined in (2.13) are a particular
n — oo limit of the Z,-related scattering matrix elements proposed in [39]. They satisfy the
following set of functional relations [27, 40]:

Sk <2k + l) Sk <2)\ — l) — 1_[ (SK’M(Z)\,))IKK/ e—izﬂlKM@)(Z)\)’ 5.D
8 8

K'=1

where Iyy = 8y p+1+8n m—1 and © (u) is the Heaviside step function. Equation (5.1) leads to

kb <A —)\+2 >+¢ww <x —x——> Z’KK’ KM —2) = —Ixkmd(V —1). (5.2)

K'=1

Note that ¢ww (A) isequal to — Ak p (A) defined in equation (3.18). Another relevant identity is
ox, (sm(q ), h+ £> + ¢k, <sm(q ) A — —g) KZI Ik, (sin(g’), 2)
= —8k; cos(g)8(sin(g’) — A). (5.3)

Using equations (5.2), (5.3) and setting

YE () = e n ), Y (q) =5, Yi(g) = e @ =D, (5.4)

with g = arcsin(}), we find

. . 00 —Iggr 3k1
1 1+Y%
Yﬁﬁx(HL)Y;fK(/\——l):ll I+ o5 1@ . (5.5)
' 2g ’ 2g P Yy g () 1+1/Y3(q)

Let us now consider equation (3.7). The identity (B.8) with K = 2,3, ..., together with
equations (5.2) and (5.3) leads to
i i i 1 !
Ik
Yield+ — )Y [A—— )= 1+Y2 () K <1+ ~) , (5.6)
. ( 28) K < 28) ,l,_:[] ( x®) Y1 (D)

with p = p(21) defined in (A.10) and Yl‘ij = e%«. The case with K = 1 is slightly more
tricky, but the strategy is just the same. One starts considering the expression

€ (k + i) rel (A - i) — €00 — €%(g) — €. (), 5.7

with g = arcsin(}). The corresponding rhs of the TBA equations cancel almost completely
due to the functional relations fulfilled by the kernel functions; they just leave some ‘contact’
delta function contributions. The following identities are useful:

d 1
2mig (u, v) = - Inl(x(@w) —x(){ — xMwx T (w)] = — (5.8)

8 A fortiori, if this equation should not respect the ‘standard’ form of the Y-system.

12
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. _d x(w) —x(@) | V4 -2 1
2rigy(u, v) = i In |:x(u) - xl(v)] = imwu—v 5.9
1 d (@) —x()*]
%aln I:T] —¢1(M,U)+¢2(I/t, U), (510)
#Cu,v) = ¢ (u—ig,u)—qsz <u+19,v), (5.11)
8 8
and also the equation
@+ =@ — e —q) =~ %% Lo(q). (5.12)
0=1
analogous to (4.10) for the Hubbard model. The result is
i i
Y <A + i) Yy <A — @) = (1+Y5,W)(1+Y(9)
1\ 1\
X (1+ > <1+ — ) . (5.13)
Yy*(Q) Y>(p)
Further, consider the quantity
€,(g") +€,(q7) — €1 (), (5.14)

where g = arcsin(A £i/2g); the kernel properties and the TBA equation (3.8) at K = 1 give

-1
Qs+ ar =\ o 1 1 -
Yo (qHY(qT) = (1+ Y% () (HW) (1+m> . (5.15)

with p = p(2X). Finally, using the property
X u+i/g) x%w—ifg)  xCTVT @) xC* )
X0~ (u+i/g) xO~(u —i/g) — x@7D=(u) xCD= ()’

and similar relations for d)g(g, ¢Z and p2M (see appendix B), we get

. . () 2 -1
L ~ 1)) = : Iog _r
Yo (x (u+g>> Yo <x (u g)) _Ql,_=[1(1+YQ (x(u)))'ee H<1+Yﬁg10¥)> ,

a=1
(5.17)

(5.16)

with Q =2,3,...and

Y, (x <u + l)) Y <x (u - l)) = (14 Ya(x(u))) ﬁ P h : (5.18)
g 8 ol Y¥(q)

with ¢ = arcsin(A), u = 2A and Yy = e“¢. Setting
Yo0="7Yo, Y1,1=Yy17 Yi_1 =Y}, Y2,2=Yy1*, Yz,fzzsz*,
Yika = Yulj,K, Y _k-1= Yli.K, Yo, = YUI,K, Yri1,-1 = Y,iK, (5.19)

and following the rules given at the end of section 4 we may encode this Y-system in the
diagram shown in figure 2. In other words, equations (5.5)—(5.18) with the identifications
(5.19) can be recast in the compact form:

1 —1
Y;,bYa_,b = +Ymp)A+Y, 1) <1+ ) (1+
Yo b4

—1
) ,  (5.20)

a,b—1
as long as (a, b) # (2, £2).
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Figure 2. The AdS/CFT diagram.

Our Y-diagram shares its structure with that in figure 1 of [37]. Yet, we shall remark the
exact parallel to what we have noted at the end of section 4 about the Hubbard model: to close
completely the diagram by using the ‘standard’ rules, we would need two extra equations:

-1
Ym/\)) (@=1,2). (5.21)

Ya(gHYE(GT) = (1+ Y8, (1) (1 +

A careful reader may have noted that we did not prove these equations, since for the nodes
(2, £2) we already have the identification

1
Y1Of 1™ —q) ’
and thus, at any rate, we do not need to include the associated equations in the TBA system.
A careful analysis suggests that equation (5.21) is in general incorrect.

Yy (q) = (5.22)

6. Partial conclusions and remarks

In a nutshell, we have proposed the TBA equations which should control the energy /dimension
spectrum of the AdSs x S° correspondence. We have also derived from them the universal
Y-system which should characterize any state of the theory for any value of the coupling
constant g. Of course, since universal, this system contains the information about a specific
state in a much more involved way.

Nevertheless, we may still rely on the massive integrable field theories. In this area a clear
procedure has been established to extract excited-state nonlinear integral equations from that

14
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of the ground state; this is initially described from three different perspectives in the papers
[29-31]. Essentially, it proves the recipe to extract suitable driving terms ), In S(u;, u) as
residues of the convolution integrals, and these terms clearly involve the scattering matrix
elements. Under the perspective of the nonlinear integral equation, this idea has been already
applied to some sectors of the asymptotic Beisert—Staudacher equations [41-43].

Re-echoing the title of [44], the Hubbard model excursion seems to be still on in this
discipline. In fact, we have found just two copies of this model, talking through their massive
nodes. Moreover, this is also the structure of the Y-system recently proposed by Gromov,
Kazakov and Viera (somehow on symmetry grounds) [37].

Despite the lack of a BA or integrability description of sufficiently short operators, we
may consider all these arguments in favour of a TBA description of the correspondence.

Note added to the journal version

The (first versions of the) papers [47, 48]° appeared while we were preparing the present
revised version by adding some specifications in the text and other minor corrections in the
formulae. Those papers’ authors derived independently the TBA equations and the Y-system
by making use of the same methods. After considering some evident typos and the different
parametrizations adopted in the original manuscripts, our main equations match those of [48].
The relationship between the new equations and the Hubbard model is not discussed in [48],
which nevertheless contains, among other results, many interesting comments on the analytic
properties of the Y-functions and a derivation of the universal form of the TBA. For what
concerns [47] the Y-system is consistent with our findings and those of [48] and, apart from
its initial discrepancy in some of the TBA kernels—amended in subsequent versions (cf also
the discussion at the end of section 5 in [48])—the TBA equations coincide with ours as well.
Moreover, [47] starts the discussion on the generalization to particular families of excited
states, along the lines we anticipated in our final section 6.

Finally, the results and final comments of section 5 show the need for careful consideration
of our Y-system—directly stemming from the TBA equations—once the lhs is taken as the
node Y, 4,: strictly speaking the functional relations (5.21) do not hold in these cases. This
suggests, at first sight, a significant difference with the Y-system inferred in [37] on symmetry
grounds. However, from the discussion in the first paragraph after equation (1) in [37], it is
clear that the definition of the Y-system for Y, 4, is ambiguous there, because of the required
boundary conditions. Thus, this still supports our results and stresses once more the larger
content of information within the TBA integral equations, as already known for relativistic
theories [27]. There are also open issues concerning the analytic continuation of the Y-system
outside the strip, —2 < Re(u) < 2, that may lead to a more serious disagreement with the
proposal of [37]. These have been partially addressed in [48] and need extra work in order to
be fully clarified.
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Fortemente Correlati all’Equilibrio e Fuori Equilibrio: Risultati Esatti e Metodi di Teoria dei
Campi’.

Appendix A.

Here we report the definitions used for the kernels involved in the TBA equations (3.5)—(3.8):

0., . 1 0 0.,
¢3(2Q)(P/, p) = 2iop In S(%Q(P/, D), (A.1)

} 1 9 x97(p) — y(@) |x2*(p)
(5 g) = — 1 , A2
PP =505 " Yo — v x() A2

5 19 3

oM (p, ) = Tm@ln SeM(p, 1), (A3)
KQ ~ I a 0K [~

¢vx (}\., p) = _2_]'[18_)\_111 va (p, )\.), (A4)

y(@) —x%* () [x2=(P)

0 H) — — —

PP = 500 M V) 2@ )\ 2 | )
K _ K _ 1o [(vlg) —21+iK/g

SMEN 0 =dMEO 1) = 2%1% In Syx (21 —22), (A7)
K _ K _ Lo 20 —v(g) +iK /g

P @) = =00y @) = 55550 <2,\ “u(g) — iK/g) ’ (A5

where we have defined (as in the main text, with the possible omission of the subscript for A)

1 4g2

in@):g I+ 71 P -i0). (A.9)
. 2 2

) = 2 \/ —(u+12) —\/4—(u—ig> ) (A.10)
2 g 4

y(q) = ie ™, v(g) = 2sin(g) = 2A,, wh) = 2y, (A.11)

N iK N iK
vE(L) =24, £ - wER) =24, + e (A.12)
x(u) = %(u —iv4 —u?), x%F W) =x <u + ig) , (A.13)
g
1 ~ s
xOF(—u) = Rt p(—u) = —p(u). (A.14)
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It is easy to note that some of these kernels depend only on the difference of the rapidities, as
in the relativistic case. They are

. 1 0 A+iM/2
Gy O @) = =9, 0 @) = by ( —sin(g)),  where ¢y (3) = S—=—1In (%)
(A.15)

1
OME 1) = oMK G/ N = dux (W — 1),  where ¢yx (L) = ey O Suk (21). (A.16)
7'[1
Appendix B.

Here we want to show how also the other kernels satisfy an identity of type (5.2). As far as
the kernel

1 8 u —u’+i—|Q;Q,| u—u +1Q+gQ
u,u')y = ——1In ; 7
¢’sl<2)( 0 2riop u—u’—i‘Q;Q‘ u—u — i

8
-2
22— (u+i(Q+2-2j)/ ;< i(Q'=2h)/g)
x(u+i(Q+2-2j)/g)x(u'+i(Q'— g
X 1_[1_[ 1 0.0 (u, u)
j=lh=1 " x@+i(Q=2))/9)x@+i(Q+2-2h)/g)
min(Q.0)—1 /3y v 4 jlO=Q'12k \ 2
x 1_[ 8 (B.1)
;i 10=0'|+2 :
k=1 u—u — IT

is concerned, we may shift on the second variable
i 1 9 u—u +1'QgQI ;
u,u + + ——)==——|In - ~
¢51(2) ¢sl(2) 2 27i 9p u—u — =0T _ f
u—u +1Q+Q = min(Q.Q'=~1 7/, _ 4 Hw
| g | +2 2, In u_u/_M_L
g k=1 4 8
u—u’+i‘Q;—Q,‘+i u—u +1Q+Q+l
+ In - — | +1n —,
M—u’—ilQ—Q|+l U—u —i 0+0'—1
g 8 g

1
min(Q, Q'+1)—1 _ jle—Q+2k | i - NPT WPRTEN)
) Z In u u < + P ol x(u—?)x(uﬂT)
’ L |0—0'[+2k i
g g

0¢|-—~ oo

oo

Jr(n-i®)
o (o] , '
=2 Y B (@[af g 2L, @) — g2 g, )

r=2 v=0

=
]
=
¥
()
=

+42Wq 50, — g2 l(u')qr%mv(u)]], (B.2)
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thus proving the identity used in the main text:

. . oo
4 1 / 1 ”
¢3(% <M’ u' + g) + ¢3(% (u» u' — E) = Z IQ’Q”(P_g(% (M, u/) - 5(1/! — u/)IQQ’. (B3)
Q"=1
Leaving for future consideration the convergence problem of the dressing factor in the mirror
theory, we may still think as possible to define somehow (in a convergent or asymptotic sense)
the bound state charges ¢ 2 as in [45, 46] and then the shifted charges above as

r—17]

r—1
i 1 1
01 1
q°" (u) = - | . B.4)
r—1 (x(u.k%)) x<u_1(Q:1))

Analogously, by direct computation

. . B (Q-D- _
1 9 x x(v+
M0 (nx0* (u+ =) )+o¥e (2,2 (u-2))=—=" | (
g g 271 A x(@D+ — x (v + !

i
'g
x(@+h— _ x(v — %) x@-D- _ x(v - %) £ (@+D+
+In (x(Q—l)+ “x(v— %)) +In (x(Q+l)+ “x(v - ) ) +In (x(Q—l)—>

—

NNE

)

8
- i - .01 i i
+1 (X(Q1)+>+1 (x(QH) _x(“%))J,M 1[1 <“_1QT—(U—%)—%J)
n{ ———— n - n - -
(©+1)- v _ ] 0 (MY, % ;
x x@ D —x(+ ) ] o u+iZs —(v+ )+ 3
_'@_( _iﬁ)_ﬁ'
u—i v j
+ In d £ £ (B.5)
(u+i—Q‘1—(v+ﬂ)+2j
8 8 8

MQ

(v = 21), we may prove an identity with the same form, but involving ¢, *,

pMe (A,in (u + l)) + MO (A, x9* (u - i))
vx g VX g
= > Too¢M? (h, x% W) + 8G. — u/2)80- 1. (B.6)
0'=1

An identity with the same form may be derived for p2¥:

i : o- _ i(M+1)
$oM (in(u),,u 2i> + QM (in(u))L B L) 19 {ln <x x(v+ ))
8

2¢)  2miap X0+ — x(v + LD

x2- —x(v — i(Mgfl)) x©- —x(v — %) x @+
+ ln(xQ+ —x(v - i(M_l))> +ln(xQ+ —x(v - %)) +2In <x¢>
(

-0 s M+ 2i .
u—i% — (v—i%t=) - &j
+ln( s ( .51) ;')}’ (B.7)
u+iZ — (v+it) + 3
i i
4’)ng (in(u), At E) +¢)%M (in(M), A— g)

= Y Iyl (xCw). 1) + 8 — u/2)80_1.u- (B.8)
M'=1
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